Abstract. Inner product structures are given for realizations of the positive spin ladder representations over the generalized unit disk Dp,q = U (p, q)/K. This is accomplished by combining previous results of the author with the construction of a family of holomorphic polynomials on Dp,q. These polynomials, which play a crucial role in the present work, are shown to be orthogonal with respect to Lebesgue measure, and their norms are computed. The orthogonal family is then used to invert a certain integral transform, giving the desired inner product structures.
Introduction
The postive spin ladder representations of U (p, q), which occur naturally on a Fock space, can each be realized within a space of polynomial-valued functions on the generalized unit disk D p,q = {ζ ∈ C p×q | I q − ζ * ζ 0}. This is achieved by an integral transform Φ constructed by Mantini in [13] . In the case p = 1, where the generalized disk is simply the unit ball in C q , unitary structures for these polynomial-valued realizations have been constructed by inverting the transform Φ (see [11] ). The purpose of this work is to generalize the methods and results of [11] in order to obtain unitary structures for all values of p.
A key role is played by a family of holomorphic polynomials which are constructed on D p,q . We show that the polynomials are orthogonal with respect to Lebesgue measure, and we compute their norms. This family of polynomials proves to be a natural generalization of the set of holomorphic monomials on the unit ball B n ⊂ C n , whose norms and orthogonality are well-known (see [18] ). The main results concerning the polynomials are discussed in section 2, culminating in Theorem 2.4. In section 3, the polynomials, along with the machinery developed in [11] , are used to invert the integral transform Φ, giving the desired inner product structures for the geometric realizations of the ladder representations.
Historically, the orthogonal polynomials of Laguerre, Hermite, Jacobi, and others have been widely applied in harmonic analysis, probability, and physics. For a thorough account of the classical orthogonal polynomials, see [19] or [3] . As opposed to the classical case, we analyze polynomials in the complex domain D p,q , which parameterizes the homogeneous space U (p, q)/(U (p) × U (q)). In general, homogeneous spaces of the form G/K, where G is a semisimple Lie group and K is a maximal compact subgroup of G, have been of interest to representation theorists due to the rich collection of representations of G that occur as sections of a homogeneous, holomorphic vector bundle over G/K (for example, see [7] , [15] , [16] , or [1] ). As a result, a substantial body of work has been devoted to the geometry and analysis of such spaces, as in [9] , [17] , [8] , and [6] . Of particular interest to us are the results of Faraut and Koranyi in [6] , where norms of spherical vectors on G/K are computed. In a forthcoming paper concerning geometric realizations of representations of G = U (p, q), the author will use the orthogonal family presented in this paper in conjunction with the results of [6] to compute the norms of certain highest weight vectors (see [12] ).
The author would like to thank L. Mantini and E. Dunne for numerous helpful conversations.
A family of orthogonal functions on D p,q
Here we present a certain family of polynomials on the generalized unit disk D p,q that are orthogonal with respect to Lebesgue measure. The orthogonal family is composed of basis elements for certain irreducible components of a natural action of GL(p, C) × GL(q, C) on the space P(D p,q ) of holomorphic polynomials over D p,q . In the special case p = 1, the orthogonal family consists of holomorphic monomials (see [11] ).
2.1. The orthogonal family. The generalized unit disk, on which the desired polynomials are defined, is given by
The domain D p,q is bounded in C p×q , and is naturally diffeomorphic to U (p, q)/K (see [4] or [11] ). In the case p = 1, D 1,q is simply the unit ball in C q . 
where c(γ) and r(γ) denote the column and row sums of γ. and ζ = (ζ ij ) ∈ D p,q , we write
Notice that M (ρ, α) is nonempty only when |ρ| = |α|. When p and q are understood, we write M (ρ, α) for M p×q (ρ, α). We are now ready to define the desired functions. 
and put
For illustration, suppose p = q = 3, and m = 2. One computes the elements of Θ 2 according to the following example. We claim that for ρ = (1, 1, 0) and α = (1, 1, 0),
To verify this, we see from Definition 2.2 that we need to compute the elements of M ((1, 1, 0), (1, 1, 0)). Recall from Notation 2.1 that M ((1, 1, 0), (1, 1, 0)) consists of all 3 × 3 matrices with nonnegative integer entries whose row sum is (1, 1, 0) and whose column sum is (1, 1, 0). We conclude that
and hence by Definition 2.2, we have that ϕ (1,1,0)(1,1,0) (ζ) = ζ 11 ζ 22 + ζ 21 ζ 12 .
Integration and summation results.
The major results of this section are as follows.
Proposition 2.3.
The mapping of C p×q into C given by
we prove Proposition 2.3 by showing that 
Theorem 2.4. Fix m ∈ N 0 , and suppose that ϕ ρα , ϕ τ β ∈ Θ m . Then
where, given ν, γ ∈ N 
where E r ij is the r × r elementary matrix supported in the ij-th entry. We then observe that Θ m forms a basis of weight vectors (with distinct weights) of the irreducible gl(p, C) ⊕ gl(q, C)-module V m obtained by applying lowering operators to the highest weight vector ζ 
, and R, L as in equations (2) and (3), respectively (see [10] ).
Since Lebesgue measure on D p,q is invariant under the action of K = U (p)×U (q), and the elements of Θ m are all of distinct weight, we conclude that the elements of Θ m are orthogonal with respect to Lebesgue measure. With this structure in place, we may inductively compute
for ϕ ρα ∈ Θ m by computing the value of
for the highest weight vector ζ m 11 and applying lowering operators. It remains to compute the value of the integral (4). Using a theorem of Hua and certain elementary combinatorical results (see [9] and [10] ), we reduce the integral in (4) to an integral over the unit ball D 1,q . We then use [18] to obtain
where ζ (1) = (ζ 11 , . . . , ζ 1q ), and c p,
Inversion formula and unitary structures
We produce an inversion formula for an integral transform Φ n for each pair of natural numbers p and q. In addition to the inversion formula, we will give an assignment of unitary structure to the image of Φ n with the property that geometric realizations of the ladder representations of U (p, q) will be unitary. For notation, see [11] .
An integral transform.
Proposition 3.1 ([13] ). Suppose n ∈ N 0 and f ∈ F p,q n . Then there is an integral transform Φ n :
where v ∈ C q and (Φ n f )(ζ, v) depends holomorphically on ζ ∈ D p,q .
In [13] , Mantini gives a geometric construction of the positive spin ladder representations of U (p, q) via the transforms Φ n , which carry a Fock space F p,q n of (p, q)-holomorphic functions on C p+q into the set O(D p,q ,P(n, C q )) of polynomialvalued holomorphic functions on D p,q . In general, the inner product structure on this realization has been previously unknown, as opposed to the structure on the Fock space, which is well-known (see [2] or [4] ). We provide an inversion formula for Φ n , and then use the machinery surrounding the inversion formula to develop unitary structures for the geometric realizations of the ladder representations occuring on Φ n (F p,q n ). This task has already been accomplished in the case p = 1 (see [11] ). For further details regarding Φ n , see [13] , [14] , or [10] . 
Observe from (5) and Proposition 2.3 that we have now succeeded in expressing φ αβ and exp( ζ ij ) in terms the functions ϕ ρα , whose norms and orthogonality were established in the previous section. Hence we obtain the following extension to the (p, q) case of the inversion formula for Φ n . Theorem 3.2. Fix p, q ∈ N and n ∈ N 0 . Suppose that φ ∈ Φ n (F p,q n ) and φ = Φ n f , where f ∈ F p,q n . Then for z ∈ C p,q ,
Proof. The argument is analogous to the proof of Theorem 3.12 in [11] . By Proposition 2.3 and Theorem 2.4, we may use the functions ϕ ρα in the expansion of the exponential function, and to fill the role that the monomials play in the case p = 1.
Now we explicitly describe a Hilbert space structure on Φ n (F p,q n ) with the property that the oscillator representation σ n on F p,q n will be unitarily equivalent to the geometric realization ω n via Φ n . Using this Hilbert space structure and certain differential operators, we then apply the results of [5] to characterize Φ n (F p,q n ).
whenever the integral above converges.
n < ∞}, the form ((·, ·)) n is Hermitian and positive semidefinite. We next examine its behavior on Φ n (F p,q n ).
Hence ((·, ·)) n defines an Hermitian inner product on Φ n (F p,q n ). Proof. One follows the proof of Theorem 4.2 in [11] , using Proposition 2.3 and Theorem 2.4 to let the ϕ ρα 's play the role that the holomorphic monomials play in the case p = 1. At this point one may wonder whether the inner product ((·, ·)) n characterizes Φ n (F p,q n ). In general, this inner product is not enough to characterize Φ n (F p,q n ). However, when we put the inner product together with a set of differential operators, with the aid of [5] we are able to obtain a complete characterization of Φ n (F p,q n ). In the case that q = 1, we will say that D p,1 = ∅. n . An argument analogous to that in [11] gives the opposite inclusion.
